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Abstract 
Based on the concept of concentrated capacity and method of thermally thin layer the mathematical model of heat transfer in the 
system of metal frame-paraffin is created. The reduction of the mathematical model is made, the calculated formula for 
implementation in microcontroller of smart sensor of temperature for inaccessible surface (SS TIS) is obtained. On base of 
simulation modeling of measurement information with use of explicit solution of model problem it is became obvious that the 
absolute error of the surface temperature measurement under electric voltage can be reduced up to 1 ° C. 
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1. Introduction  
Measurement of surface temperature under high electric voltage of conduct bus with use of thermocouples [1] is 
often complicated due to the presence of noise that significantly exceeds the useful signal level - thermocouple 
EMF. In order to overcome this difficulty in [2] is proposed a method for measuring of surface temperature of the 
conduct bus using heating resistor which is placed in a metal bucket filled with paraffin, at the distance from the 
bottom of the bucket, ensuring the dielectric strength. 
The main disadvantage of this method that reduce the accuracy of measurement, is unavailability to measure the 
falling temperature of paraffin layer separating the heating resistor from the bottom of the metal bucket, attached 
close to the busbar. If we treat the surface of busbar as the surface that is inaccessible for direct measurements of 
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temperature, then for improving of measurement accuracy, smart sensor of temperature for inaccessible surface (SS 
TIS) [3] can be used. 
This paper deals with the development of a mathematical model for heat transfer process in the system of metal 
frame-paraffin, the simplicity of which and  the numerical implementation obtained by simplifications of calculation 
formulas permit to make verification of SS TIS. 
2. Temperature measuring device 
Temperature measurement of the surface under electric voltage can be made with the help of the device shown in 
Figure 1 [2]. The devise consists of a metal frame 1 of a bucket type, tightly connected to a busbar 2, which is closed 
on the top by the insulator 3; frame 1 is filled with molten paraffin before filling with paraffin 4. Along the axis of a 
metallic bucket the heat resistive sensor element (heating resistor) 5 is placed. One part of lateral surface of the 
frame, which is located between the bottom of the bucket and the heating resistor, is separated from the environment 
by the cylindrical thermal insulator layer 6. The other part of the lateral surface of the frame 7 with rectangular slits 
(not shown in the figure) is designed for intensification of heat exchange with the environment. Heating resistor 5 is 
placed at the position so that the distance from it to the bucket walls and bottom provides the necessary electrical 
strength of paraffin. Outputs of heating resistor are connected to the input of the conditioning amplifier 8. The 
output of amplifier 8 is connected to the input of the analog-to-digital converter (ADC) 9. ADC output 9 is 
connected to the input  of the microcontroller (MC) 10. 
 
 
Fig. 1. Device for surface temperature measurement under high electric voltage of conduct bus: 
1- metallic frame; 2- busbar; 3- insulator; 4- paraffin; 5- heating resistor; 6-  cylindrical thermal insulator layer; 
7- heat transfer part of the cylindrical lateral surface of the frame; 8- conditioning amplifier; 9- ADC; 10- microcontroller. 
Heat, generated by the busbar 2 while being led by electric current, is transferred to the bottom part of the metal 
frame 1, that have a good thermal conductivity, and  further through the walls of the frame to the environment (the 
field of the outer surface of the metallic frame 7) and to the paraffin 4. Through the cylindrical paraffin layer with 
the thicknessG , providing dielectric strength, heat is transferred to the heating resistor 5. The sensor element of the 
heating resistor fixes the temperature of the surrounding paraffin at the point of its placement. The mathematical 
model of the thermal process in the system of the metallic bucket -paraffin is creating for modeling of the 
temperature of paraffin at the point of the sensor element placing. 
3. Mathematical model 
 Due to the axial symmetry of the temperature field, the temperature is calculated by spatial two-dimensional 
function  zrtT ,, , defined in the right side of the system (Fig.2). At zero time 0 t  the whole system is uniformly 
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heated to the environment temperature 0T , i.e. for all r  and z  in the define area   0,,0 TzrT  . When 0 r  on 
the symmetry axis and on the heat-insulated part of outer surface of the metal frame 2rr  , and also on horizontal 
heat insulated surface of the space 0 z  filled with paraffin, the conditions of absence of heat flow 0/  ww rT
and 0/  ww zT  are fulfilled (Fig. 2). 
 
 
 
 
 
 
 
 
              
Fig. 2.  Calculating field and heating scheme 
With the constant heat flux from the busbar constq  , that heats the metal frame-paraffin system, according to 
the concept of the concentrated capacity [4] and the method of thermally thin layer [5] if the condition of 1r¢¢G is 
fulfilled,  on the border of the 2zz  , the following equation is made: 
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and along the border 1rr   one-dimensional heat transfer is performed in accordance with the equation: 
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whereG  - is the thickness of the bottom and the lateral wall of the metallic bucket; c - mass specific heat; J - 
density; O - thermal conductivity coefficient (index 1 refers the respective value to the paraffin, and 2 - to metal). 
Taking into account the conditions of ideal thermal contact at the interface between the inner surface of the metal 
frame - paraffin: 
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at the place of the outer surface of the frame with convective heat transfer with the environment 1zz  the 
equation (2) takes the form of: 
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 Where D is the coefficient of heat transfer, and at heat-insulated area of the surface the condition is fulfilled: 
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  Thus, the mathematical model of this thermal process can be represented by the following initial-boundary 
value problem of heat conduction: 
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Solution of the initial-boundary value problem (6) - (12), and the dependence on the temperature time at the 
point of placing of the heating resistor sensor r, z: 1;0 zzr   , can be obtained by the finite difference method 
[6]. However, the implementation of implicit scheme of finite difference method with the use of computer is rather 
complicated and the explicit scheme imposes significant limits on the ratio of the grid spacing on time and space 
variable.  That is why, it is reasonable to simplify the scheme of the measuring process and to adapt the 
mathematical model of the thermal process in order to develop an analytical method for the problem solving. 
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4. Simulation of measuring information 
 If to prolong the cylindrical layer of the heat insulator 6 until it touches the cover (insulator 3, Fig. 1) and to 
eliminate from consideration the bottom of the metal bucket, we can get a simplified diagram of the measurement 
process (Fig. 3), and subsequently the calculated formula for the surface temperature calculation under electric 
voltage can be obtained.  
It is important that the temperature measurement under electric voltage of the surface can be made with the help 
of use of the device shown in Figure 3.  
The device consists of paraffin made round bar 3, thermally insulated from the lateral surface and the upper end 
by the heat insulator 2. On the contact of the bar with the bus and at a distance δ from the contact surface, providing 
an electric resistance, temperature sensor elements 4 and 5 are placed.  
 
 
   
Fig. 3. Scheme of modeled measuring process: 
1- busbar under electric voltage; 2- heat insulating cylindrical shell; 3- space fulfilled with paraffin; 
4,5- place of sensor elements for temperature detecting; 6- computer; 7- microcontroller 
The simulated temperature data of the sensor 4 is calculated by computer 6 and by the USB bus is transmitted to 
the microcontroller 7.   By the calculated formula, in the microcontroller the modeled temperature of the sensor 4 is 
converted to the temperature of the element 5 and transferred again by the USB bus into the computer's 6 
memory.               
Due to the low thermal conductivity of paraffin the temperature 1T  of the sensor 5 may differ significantly from 
the temperature 2T  of the element 4, which leads to the need of recalculation. To determine the relationship 
between these values, according to [7], relative to the nondimensional temperature of the middle surface of the 
paraffin layer 
2
21 TTT   it is necessary to solve differential equation: 
.0)0(,5,025,0 2    TTTTdt
d
;       (13) 
where  0T - the initial value of the dimensionless temperature of the middle surface; O - coefficient of thermal 
conductivity of the paraffin; q - heat flow density, flowing from the bus into the paraffin. 
Dimensionless temperature  WT2  is a continuous function. Therefore, after amplifying by the conditioning 
amplifier and before processing of the received signal, on the microcontroller is used the analog-to-digital converter. 
At the output of the analog-to-digital converter the signal, proportional to the temperature  WT2 , and with it the 
right part of the equation (13) is a step function of time. Therefore, at each step of the constancy of the right part the 
634   A. Bekbaev et al. /  Procedia - Social and Behavioral Sciences  182 ( 2015 )  629 – 636 
solution of the differential equation (13) has the form: 
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Where k - the number of steps of a step function;  
 
2G
OW
c
t kk   - dimensionless time; c  is the volumetric specific 
heat of paraffin; G  - the thickness of the paraffin layer, which provides electrical strength. 
Introducing into the obtained solution correction coefficients k1 and k2, that compensates systematic error of 
polynomial of mth degree    kmP W  and, going to the dimensional temperature by the formula: 
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we obtain the calculated formula for the recalculating of the dimensionless temperature of the sensor 4   kWT2 , 
with density value of heat flow q  and thermal resistance of the paraffin layer O
G
, into actual temperature of the 
busbar surface, under electric voltage: 
     > @         nkTPeqktT kmkkkk
k
,,2,1,15,02 02
25,0
211
2  
°¿
°¾
½
°¯
°®
­

°¿
°¾
½
°¯
°®
­
»»¼
º
««¬
ª uu  WWTWTO
G W
     
(16) 
Computational formula (16) is implemented on the microcontroller [3]. In case of second-degree polynomial 
according to the simulation modeling of measurement information 5 regime parameters - two correction coefficients 
and three coefficients of second-degree polynomial are to be defined.  
To verify the correctness of the calculated formula (16), which is in case of second-degree interpolation 
polynomial and five correction coefficients k1=0,415, k2=4, a0=0,0394, a1=-1,21925, a2=5,962567 the simulation 
modeling of measurement information is conducted. The recalculation of dimensionless model temperature of the 
sensor 4 into the temperature of the sensor element 5, using the data of the Table 1, which shows thermal 
characteristics of the paraffin, by the formula (16), is made. 
                                  Table 1 – Basic data 
 
Symbols Name Value Dimension 
δ Half of the height of the paraffin bus  0.006362 m  
λ Thermal Conductivity 0,26 W / (m · K) 
c Specific  heat capacity 1,93E + 06 J / (kg · K) 
q Specific heat flux 3,30E + 03 W / m 2 
T 0 The initial temperature 2,00E + 01 ° C. 
 
The results of simulation modeling made in Excel XML Format, are presented in Figure 4. 
 The exact nondimensional solution of the thermal conductivity problem and the dimensionless model 
  1 kT t
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temperature of the sensor 4 are calculated according to the formula given in [8] (formula (1.5.5)):  
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Recalculation of dimensionless values obtained into the dimensional  temperature, expressed in Celsius degrees, 
is made by the formulas:   
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Fig. 4.  The results of simulation modeling of measuring information:  
∆ – explicit solution of heat conductivity problem; ◊ – temperature of the sensor 5, calculated by the formula (16); □ – modeling temperature of 
the sensor 4; ס– difference module of the exact and modeled temperature of the sensor 5. 
         The results of simulation modeling of measurement information, presented in Figure 4 show that the use of 
the sensor data with the sensing element 4 located in the paraffin at a distance of 6 mm from the busbar, as the 
indicating sensor 5, may lead to the absolute error measurement about 20 ° C. If the method of temperature 
measurement under electrical voltage of the surface is based on the use of SS TIS, implementing the calculated 
formula (16) when the current is 3.3 kWh / m 2 that leads to the specific heat flux from the busbar surface of can be 
achieved the absolute measurement error not exceeding 1°C. 
5. Conclusions 
Based on the concept of concentrated capacity and method of thermally thin layer a mathematical model of the 
thermal process in the system of metal frame-paraffin, which is the main structural element of the device for 
measuring of the surface temperature under electrical voltage of conductor busbar, which is the initial boundary 
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value problem of heat conduction. Solution of the initial-boundary value problem can be obtained by the method of 
finite differences on the rectangular grid. 
Simulation model of the temperature, measured by the heating resistor located on the axis of the metallic bucket-
paraffin system at the distance from the walls of the metal frame and the bottom of the bucket, providing electric 
strength, is the paraffin temperature of points r, z:  1;0 zzr    calculated by computer. 
Use of SS TIS for the surface temperature measurement under electrical voltage makes it possible to achieve 
values of absolute measurement error no more than 1 ° C. 
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